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INTRODUCTION

This study determines the radius of convergence of the Tavior serie.
expansion in time of the coordinates representing the motion of an artificial
satellite zlong an elliptic path.

An evaluation of the truncation errors of the time scriees is also given

3 5 ) , . .
to Gt Y and O{t7), where t is the length of the time interval, for the rase o

4

the smaliest radius of convergence,

The resuits of the investigation are shown in graphe 1 thro o b f0 0 b
these, the radius of convergence and the truncation errors muay i oo
a lunctior of the cacentricity of the orbit, the semi-major axis »nd the noed
of the body in its path. Results for orbits around the Eaxth and " ocay tragje o opee
are presented separately.
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‘ Analytic Outline
TN

The Cartesian coordinates of a point moving in a Keplerian

‘ elliptic orbit may be expressed in time-series expansions, This paper

. is an investigation of the convergence and truncation error in these
expansions,
A, Radius of Convergence of Time-series,
‘ 1. The coordinates of elliptic motion at time t,
§ = vcosv = a(wsE-e) (1)

'-/l,
v&nY = a(i-e) simE

[

may be expressed by:

§

@ 7

where ( §, A } and ( ?o ) ”Eio ) are the position and velocity at time t .

(€ + a§

‘;/70 + ij ’:’},'J

It

(2)

1

The functions f and g are the well-known Lagrangian power series in

t - t,. Putting:

r = E- t, (in normalized units)
L& 2
v? = T + "/
@ )
2 ,:2. « 2 (3)
\/o = ¥, + 7
o
SHEIR AR AR
- | -3
Lo = £
. 2
o s S
2 -2 2te + p*
(70 = Vo ‘f‘o - ( Po)
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it may be shown that: ‘

[or~] o -
= . x
- 1+ 2 5T
T, " (4)
: ®
S K
j = T+ .2 q T
— Jk
K=z 3
where the first six coefficients of the power series are given hy: .
(.. = - U,
f"S = ‘L(.OPO
i
£, = —t—zzca(gw,,+3ci;°-t.2§n:) (5a)
f5 = _ ._'-u_oF (au,+ 10‘ _;f{qz
i
f [T'\Ll(n-u +2“,1_56Fo)—fi.1(,nka+gr)—l “2:7)}
& N}
gs- - ‘_""Ju-‘)
84' “(OP (L’b) ‘
35- 'E‘L' “‘-’u(vl"l. -+ 9” -~ 56’-}:)
By ™ ‘*"'U.OJ; 2%, + 661—‘?’92)

We will now investigate the validity of the series expansion(4),
following the general method used by Moulton [l] , Charlier Lé} ,
and Andoyer [3] , in their investigations of the radius of convergence
of power series expansions for the Cartesian coordinates of planetary

motion., In particular, Moulton gives a table of the radius of conver-

gence as a function of the eccentricity e and the value of mean anomaly
at time t,, Mo’ for elliptic orbits with a semimajor axis aof 2,65 as-
tronomical units. This corresponds to the average orbit of the minor
planets.

We have computed similar tables, corresponding to orbits of ar-
tificial Earth satellites and lunar probe trajectories, The following

section outlines the analytical method employed in constructing these
tables.
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-

2, In lieu of the power-series expansions (4), consider the

closed expressions for f and g given by Kiihnert [4] ,

f

EL) (©)

2% (Y,co88 + &, )

- >
L}

where
£ = L(E-E,)
2 ° (7)
Va
) = & S &

Since f and g are entire functions of & , they may be written
as power series in E , which converge for all & ., Combining
these series, we can write

o0
< K
=
f = 2 & (8)
K=o
0o b K.
7 = Z_ X e
K=o
Since £ is a function of E, and E a function of M, we can write
= K,
£ = 2 ¢ (M-M,) (9)
Kz o

Let R.M be the radius of convergence of this power series, By inserting
o

(9) into (8) and rearranging terms, we can express § and 7 as power

series of M - M, or equivalently, as power series of T=t -t ,, This

would lead again to the Lagrangian expansions (4), Hence, for any M

of | Pages

such that
10
@ LELAERS wo
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the power series (4) are convergent. .
Thus, the problem may be reduced to finding the radius of con- v

vergence Ry~ of series (9). This radius of convergence is the distance

between M and the singularity of the function E(M} closest to M. ‘

Since E(M) is implicitly defined by

M= E - e sin E (11)

the singularities of E(M) satisfy the equation
l1-ecos Em=O (12)

It is easy to show that these singularities are given by

E“ = 2KM ¢ L (13)

where k is any integer, and o is defined by

605('10( = —é— (14)

We may therefore write

My, = 2KT 2+ (&= banher) (15)

By restricting Mg to the interval [‘TT, WJ , we obtain the following

expressinn for the radius of convergence:

Qho = \/ MY + (= tamho)? (16) .
ey
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A RM may now be written as a function of time:
. o
L (t) 3/2 . . .
' RMO = 3 R.Mo (in normalized units) (17)
It is worth noting that & - tanh& can be written as an explicit functior
af e,
‘ % ~ tamheo = En( 1+ V—et )_- v-et (15)
e
3, The tables of radii of convergence were constructed in thre~
steps,

First, formula (18) was evaluated for different values of the ec-
centricity e ( 0£€ < 1), Then for each value of e, formula (16) was
. applied for different values of M_ { 0 £ M, € ). Finally, for each pair
of values (e, M ), the radius R(;} was computed by formula (17), for
different values of a. °
The ranges of e and a for which tables were constructed were
chosen to correspond to typical orbits of artificial Earth Satellites and

lunar probes, the latter being very elongated ellipses,

The two tables found in the Appendix are:

Tabiel. (Earth Satellite orbits): M, = 0 (18°7) 150"
’ e = .05 (.05).40
a =1.1(1)2.0
Table II, (Lunar trajectories): M, = 00(10) 10?
e =.85(.01).78
= 30, (1.) 40.

' a
T

These tables were computed on an IBM 7090 computer.

B, Truncation Error Investigation
‘ The truncation error in the time-series expansionsof the cocrdinates
% and '7 can easily be estimated by evaluating the differences
- Report No. Page | of | Pages
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&) (&)
[§-¢7"1 and |79-7]
where ; ) '7 are values obtained from the closed expressions (6), and ‘

gﬁ‘), ,'?(..) are obtained from the time-series expansions (4), using only
terms up to order d‘, where n is specified, Practically, we have eva-
luated the truncation errors corresponding to the cubic and quintic ap- .
proximations to the f and g series, for typical Earth Satellite orbits,
with preassigned values of the semi-major axis a, and eccentricity e,
Similarly, the truncation error inthe time-series expansions of

the velocity components § and é may be extimated by evaluating the

differences
|é"‘ é(‘-)l and l,?__,?m[
where é and ‘é are given by ‘

£ = feeqs, . 5 - - e
IR AR Y S B =2

) v
and e and "]“ are the derivatives of the truncated series of order n.
To start the computations, it has been assumed that the satellite ‘
is at perigee (i.e. M, = 0), at origin of time t,. At perigee, the initial

values of position and velocity are

§, = ac-e) ., f = o ‘

'7 = (o] . 1+e

) = —
° ] 3 |
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The closed expressions and truncated power series are then

evaluated at equally spaced intervals of time ti’

ti=to+iAt (At = 5 sec., i = 0 — 60)
The same general computation is then repeated taking another value
‘ of Mo as the origin, and recomputing the initial position and velocity.

The results of these computations have been plotted in Figures | - 5
of the appendix., Graphs of | r - r(n)l , ‘V - V(n)l , and d '\f’ (n)

are given, where

]

ENCES D L A N N

) Y
® Y

*2 . 2 V *3 .,3” 7
(e+7) * Vo= (% +77)
and d 'Y' (n) is the angle between the position vectors (% ) “f/) and /— 7/\‘)

Since the truncation error is largest for M0 = 0, where the radius
of convergence of the power series is the smallest, the graphs of the

truncation error as a function of time have been provided for this case,

b
-
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